Chapter 4 * Derivatives

Review of Prerequisite Skills Exercise 4.1
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s : Fla+h)- f(a)
(x+y) f(a)=lim—————=
2 h—0 h
Ty 7 Since a=3, f(3+h)=(3+h)’ +3(3+h)+1
=h’>+9h+19
¢ xtl x+2 (x+D)(x+3) - (x+2)(x-2) f(3)=3+3(3)+1
x-2 x+3 (x=2)(x+3) =19
X tdx+3-(x - 4) Now f(3+h) = f(3)=h"+9h
T (x-2)(x+)) = h(h+9)
_ 4x+7 f,(3):1imh(h+9)
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9-32 =lim
h—0 h
=M . 6h+h’+3h . Oh+h’
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. ANh+1-1_+Ah+1+1
=lim X

=0 h Vh+1+1
h+1-1

=lim————

=0 h(«/ﬁ +1)

=1lim

1
0N h+1+1

1
2

_ (x+h)2+3(x+h)—(x2+3x)
i ;

. 2hx+h*+3h
= lip =

= lim(2x+3+ )

f(x)=2x+3

ClimX*ht2 x+2

h—0
3x+6-3x-3h-6

=1lim

=0 h(x+h+2)(x+2)
— lim_—3
=0 (x+h+2)(x+2)

-3
(x+2)2

()=
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o ABx+3n+2 —3x+2
= l1im

X«/3x+3h+2+w/3x+2

h—0 h

. 3x+3h+2-3x-2
=1lim

V3x+3h+2+/3x+2

=0 h(x/3x+3h+2+\/3x+2)

3

f'(x) - 24/3x+2

1
d =—
f=-
0oy S +R) — f(x)
F(x)=1lim P
1 1
2 2
=lim(x+h) X
h—0 h
L X =x'=2xh-h’
- 2
0 h(x+h) (xz)
. 2x—h
=lim 5
0 (x+h) (xz)
-2x
x4
, 2
flx)=-—=
x+1
6. b. y=
x—1
x+h+1_x+1
d)’_ x+h-1 x-1

X’ +xh+x—x—-h-1-

xX*—xh+x—-x—-h+1

=0 h(x +h- 1)(x - 1)
=lim —2h
h=0 h(x +h- 1)(x - 1)
dy _ 2
dx (x— 1)2



7.

8.

y=2x"—-4x
Since y = f(x)=2x"—4x

()= i /20
f(x+h)=2(x+h)" —4(x+h)
=2x’+4hx+2h’> —4x—4h
f(x)=2x"-4x
f(x+h) - f(x)=4hx+2h* - 4h

. h(4x+2h-4
f(x)= 1;1101—( )
= lhii‘(r)l(4x +2h— 4)
f(x)=4x-4
Slopes of the tangents at x = 0, 1, and 2 are

£(0)=-4, f/(1)=0,and f'(2) =4.

y=2x" - dx

S

s(H=—7r+8 t=0, t=4, t=6
h)—
V(t) = s’(t) = I,THEIM
s(t+h)=—(t+h) +8(t+h)
=—t"—2ht-h*+8t+8h
s(t+h)—s(t)=-2ht—h*+8h
=h(-2t - h+8)

=E$Q2t—h+8)

v(r)=-2t+8

Velocities at t=0, 4, and 6 are v(O) =8, v(4) =0,

and v(6) =—4,

f(x)=+x+1, parallel to x—6y+4=0

f'(x)=1lim

h—0

f(x+h)—f(x)
h

_hmVx+h+ —Vx+1

h—0

h

Vx+h+1-+/x+1

><«/x+h+1+«/x+1

=lim
h—0

h

Jx+h+1+Jx+1

x+h+1-(x+1)

=1lim

H°h(«/x+h+1+ x+w

=1lim

1

= x+h+1+4x+1

The slope of the tangent to f(x)=+vx+1 is parallel

to x—-6y+4=0.

N =

f'(x)

—_

=
+
1l

o W A=

[\®}
=
+
—_

=
Il

The point of tangency will be (8, f (8)) = (8, 3).

. . . 1
The equation of the line will be y —3= 5 (x - 8)

or x—6y+10=0.
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13. —+—=1at(2,2)
Xy

14.

15.

76

=1lim
h—-0
=lim

h—=0

=lim
h—0

x+h X
x+h—-1 x-1

X+ xh—x—h—x*—xh+x

h(x-1)(x+h-1)

S S
(x—l)(x+h—1)

-1

(+-)

2

At x=2, f/(x)=-1.

Slope of the tangent at (2, 2) is —1.

OREE

For x <O, |x|=—x f(x)=_x2
x>0, |x|=x f(x)z)c2

s f(x)=-2x, x<0
f(x)=2x, x=0

And f’(x) exists forall xe R and f’(O):O.

fla)=0, f(a)=6

)= tim

But f(a)=

s lim

h—0

and lim
h—0

Chapter 4:

fla+h)
h

fla+h

flath)-f(a)
h

0
=6
)

=3.
2h

Derivatives

16. y

A (X) is continuous.
f(3)=2
But f/(3)=-ce.

(Vertical tangent)

Exercise 4.2

2. h f(x)zf/;

Lol

3. £ h(x)=(2x+3)(x+4)
=2x"+9x+12
W(x)=4x+9



€. y=3)c3—6x§+){E

4
L 2 3

ﬂzg 3x ° 21 6x _Ix
dx 3 3 3

1 2 4

=2x3-2x‘ ——x?
3

i y=20"+3x+17

1
=20x"+3x3+17
2
ﬂleOx“ +3><lx_3
x 3
2

=100x"+x 3

i y=Ax+6Vxt 442
1 3
=x5+6x5+«/§
1 1
Q=1x7+§x6x5
dx

1 L 1
=—x 24+9x?

C1+4x

Loy

6.

1 2
b.  f(x)=7-6x>+5x°
1 1

f(x)=-3x2 +? X’
3 10

M= J6t et
310
BN

11

0
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9. a y=2x—§ at P(0.5,-1) . yz(ﬁ—z)(3 x+8)at(2,2\/5—10)
dy

—24 L —3x+2vx 16
dx x°

d o
1 d—y=3+x 2
Slope of the tangent at x=2 is 2+4=6. o

1
At x =4, slope is 3+—=1.
. 1 )
Equation y+1=6 x—E ;
Now,y=—(x-4)
6x—y—-4=0 2
or 7x—-2y—-28=0
3 4
b y== _—atP(-1,7) |
o Nx-2 x2-2 ! L
=3.)C_2—4)C_3 f. — — ] :xﬁ _2x 3
dy V; X3
d—=—6)c’3+12)c*t PR
) rrar e L
d x
—y]:6+12:18
T 1 2 5
-7= Sl tx=lis—+—-=—.
y=17 18(x+1) ope at x 1s6 3-8
18x—y+25=0
5
Now, y+1==(x-1); Sx—6y-11=0.
c. y=+3x" at P(3,9) 6
dy 3! . o
d—:x/g ><§x2 10. A normal to the graph of a function at a point is a
P * 3 9 line that is perpendicular to the tangent at the given
y .
— |=V3X=X\3=— oint.
dx]”( 2 2 pm3 \
9 y=—=-—at P(-1,7)
—9="(x-3 X x
y=9=5(x-3)
9x-2y-9=0 Slope of the tangent is 18, therefore, the slope of the
li !
normal is ——.
1 1 1
d. y:—[x2+—]atP(1,2) 8 |
X x
5 Equationis y—7=——(x+1).
=x+x 18
d
Doy x+18y-125=0
dx
Slope at x=1 is —1.
y-2=-1(x-1)
x+y-3=0
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1
11. yzzizl‘»x_g

Vx

Parallel to x+16y+3-0

1
Slope of the line is =5

16~
ﬂ:_x_%
dx
oL
16
t_1
x% 16
4
x* =16
3
x=(16)* =8
|
12. y:—:_x :y:_x3
X
dy__iz dy _ 5.0
dx X dx
1 2
Now, - — =3x
x4=—l.
3

No real solution. They never have the same slope.

» dy _

13. y=x", e

2x

The slope of the tangent at A(Z, 4) is 4 and at

1Y, 1
Bl-1. L)is —=.
( 8’64) R

Since the product of the slopes is —1, the tangents at

A2, 4) and B(—%, 6i4) will be perpendicular.

The point is (—1, 0) .
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15. y:x%—}—z

d
@9 _ 3x°, slopeis 12
dx

x=4

x=2 or x=-2

Points are (2, 10) and (—2, —6).

16. y= %xs —10x, slope is 6

Q=x4—10=6
dx

x'=16

x2=4 or x2=—4

x =212 non-real

68
Tangents with slope 6 are at the points (2, - ?J
68
dl-2,—|
an ( 5 J

y=2x"+3

18.

17.
a. Equation of tangent from A(Z, 3)2
If x=a, y=2x2+3.

Let the point of tangency be P(a, 2a’ + 3).

ﬂ:| =4a.
X

x=a

d
Now, D gy and
dx

The slope of the tangent is the slope of AP.

a2i122 =4a. 22
2a’=4a’ -8a
2a*-8a=0
2a(a-4)=0
a=0 or a=4
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Point (2, 3):
Slope is 0.
Equation of tangent is

y-3=0,

Slope is 16.
Equation of tangent is

y-3=16(x-2)
orl6x—y-29=0.

From the point B(2, -7):

2a°+10

Slope of BP:

=4a

2a°+10=4a’ -8a

2a’-8a—-10=0
a’-4a-5=0
(a=5)(a+1)=0
a=>5
Slope is 4a=20.
Equation is
y+7=20(x-2)
or20x-y—-47=0

a=-1

Slope is —4.
Equation is
y+7=-4(x-2)
ordx+y—-1=0.

a

ax—4y+21=0 istangentto y=— atx=-2.
X

Therefore, the point of tangency is (—2, %)

This point lies on the line, therefore,

a(-2)- 4(%J+ 21=0
3a+21=0
a=17,

I (0?

N~
=




Let the coordinates of the points of tangency be
A(a, - 3a2).

% =—6x, slope of the tangent at A is — 6a
-3a*-3
Slope of PA: = - 6a
—3a*-3=-6ad’
3a*>=3
a=1 o a=-1

Coordinates of the points at which the tangents
touch the curve are (1, —3) and (—1, —3).

23. y=x"—6x" +8x, tangent at A(3,-3)
d
Y 3¢ 12x+8
dx
d
—2}227—36+8:—1
dx ] |

The slope of the tangent at A(3,— 3) is —1.

Equation will be
y+3=-1(x-3)
y=-x
—x=x"—-6x"+8x
x'—6x’+9x=0

x(x2—6x+9)=O

x=0 or x=3
Coordinates are B(0, 0).
y

—
—
]

24.

25.

Vx+4ly =1
P(a, b) is on the curve, therefore a >0, b > 0,

Jy =1-+x

y=1-2Vx +x

1
ﬂz——OZx 2+1
dx 2

1+\/;
P

At x=a, slope is — +1=—

But Va +vVb =1
b =va-1.

Va

Therefore, slope is _ﬁ -_ b

a a

f(x) =x", f’(x) =nx""'

Slope of the tangent at x=1is f’(1)=n,
The equation of the tangent at
(1, 1) is:
y-l=n(x-1)
nx—-y-n+1=0

Lety=0, nz=n-1
n—l_

1
=1-—.
n n

X =

. : 1 1
The x-interceptis 1—— as n—>o0 and —— 0,
n n

and the x-intercept approaches 1 as n — oo, the
slope of the tangent at (1, 1) increases without
bound, and the tangent approaches a vertical line
having equation x—1=0,
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26. a.

2

x, x<3 Sy J2x,x <3
f(x)_{x+6,x23 f(x)_{l

, x23

£(3) does not exist.

Flx) = 3x2—6,x<—\/50rx>\/5
6—3x2,—\/5 <x<2

f’(x)= 6x, x <-V2 0rx>«/5
—6x,—\/5£x§\/§

f '(\/E) and f'(—\/E) do not exist.
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y
\\ //
X
0 |1
x—1,x2>1 since |x—1|=x—1
1-x,0<x<1 since |x—1|=1—x
(x) =

x+1,-1<x<0 since |—x—1|=x+1
—x—1, x<-1 since |—x—1|=—x—1

1, x>1

, -1, 0<x<l1
f(x) =

1, -1<x<0
-1, x<-1

£7(0), £/(<1),and f’(1) do not exist.
Exercise 4.3

y= (1 - x2)4(2x+ 6)3

= 4(1- ) (-2x)(2x+6) +(1 - x%) 3(2x+6)'(2)

= -8x(1-x*) (2x+6) +6(1 - x*)'(2x+6)

y=x"(3x+ 7)2

y =3x"(3x+ 7)2 +x°6(3x+7)
At x=-2,

—-=12(1)" +(-8)(6)(1)

=12-48
=-36.



f. y=(2x+ 1)5(3x + 2)4, x=-1 8. Determine the point of tangency, and then find the
negative reciprocal of the slope of the tangency. Use

A 5(2x+ 1)4 (2)(3x+ 2)4 +(2x+ 1)54(3x + 2)3(3) this information to find the equation of the normal.
x
h(x)=2x(x+ 1)3()(?2 +2x+ 1)2

ﬂ] =S @G

del_ (x)=2(x+1) (6" + 2x+1) 4 223(x +1) (x> + 22 +1)’
212<;+12 +2x(x+1) 2(x° + 22 +1)(2x +1)
7(=2)=2(-1)" (1) +2(-2)3)(-1) (1) +2(-2)(-1) (2)(1)(-2)
e y=3x(x-4)(x+3), x=2 ::50—12—16
%=3(x—4)(x+3)+3x(x+3)+3x(x—4)
. % a f(x) =298 (2)8.(x) - £, (3)2,()
o =) +E6)+602) 70928/ (98(3)8.(5) = 8.,(2.(9)
el +2(9 (98,0) .. ()2,()
+2,(x)8:(x)8: (%) - 8,.,(1)8.(x)
5. Tangentto y=(x"—5x+2)(3x"—2x) at (1, -2). .
d—y—(3x2—5)(3x —2x) +(x" —5x +2)(6x-2) +8,(%)8:(x)gs(%) - 8,(x)8, (%)
} b. f(x)=(1+x)(1+2x)(1+3x)... (1+nx)
=2e-38 £/(x)=1(1+2x)(1+3x) (14 nx)
Slope o_f t_hleo tangent at (1, 2) is —10. Pl s e
The equation is y+2 =—10(x—1); 10x+y-8=0. i(.l.ji-x)(1+2x)(3) o (1)

6. b y=(x"+2x+1)(x* +2x+1) +(L+x)(1+2x)(1+ 3x)....(n)

a_ 2(x” +2x+1)(2x+2) +1(2)(1)

dx (1)... (1
(20 1)(242) =0 LA)3)0)... ()
2(x+1)(x+1)(x+1)=0 + ...
x=-1 +)1) ... (n)
Point of horizontal tangency is (-1, 0). 142434 +n
7. b. 2(3X +4)2( ) £1(0)= ”("; 1)

dy =2x(3x* +4) (3-x")'
+x°[2(3x +4)(6x)](3- x)

[
+x2(3x +4) [ ( ) ( -3x’ )]
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10. f(x)=ax’+bx+c
f/(x)=2ax+b )]

Horizontal tangent at (—1, - 8)
f(x)=0 at x=-1
2a+b=0

Since (2, 19) lies on the curve,
4a+2b+c=19. 2)
Since (—1, - 8) lies on the curve,
a-b+c=-8. 3
4a+2b+c=19
-3a-3b=-27
a+b=9
2a+b=0
-a=9
a=-9, b=18

9-18+c=-8
c=19

The equation is y=-9x*+18x+19.

11. y

a. x=1or x=-1

b. f'(x)=2x,x<-1 or x>1
f(x)=-2x, -1<x<l.

y

Py
\
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£10)=-2(0)=
F(3)=23)=6
2. =10,
X
dy 32
dx  x

16
_16
YTy

=3
Point is at (—2, 3).

Find intersection of line and curve:

4x-y+11=0
y=4x+11.
Substitute,
4x+11:1—62—1
x

4x° +11x° =16-x’
or 4x’ +12x>-16=0.
Let x =-2.

R.S.=4(-2)" +12(-2)" - 16
=0

Since x =-2 satisfies the equation, therefore it is a

solution.
When x=-2, y=4(-2)+11=3.

Intersection point is (—2, 3]. Therefore, the line is

tangent to the curve.



Exercise 4.4
_ x(3x+5) 3x7+5x
C(1-xY)  1-x7
dy  (6x+5)(=x7) = (3x” +5x)(-2x)
dx (1)’
_ —6x° —5x* +6x+5+6x" +10x°
(1)’
_5x"+6x+5

(1-x7)

_x2—25
C x*+25°

5. e y x=2
dy  2x(x* +25) - (x* -25)(2x)
dx (x*+25)°

dy } _4(29) - (-21)(4)

de| (29)°

_116+84
29

_200
841

(x+1)(x+2)

YT

X +3x+2
X -3x+2

dy _ (2x+3)(x* =3x+2) = (x* +3x+2)(2x - 3)

dx (x—l)z(x—Z)2
Atx=4:
dy _ (1)(6) =(30)(5)
dx (9)4)
_ 84
T
7
K]

x3

x'-6
dy 3)c2(x2 - 6) - x*(2x)
dx (x2 - 6)2
At (3, 9):
dy _3(9)(3)-(27)(6)
dx (3)°
=9-18
=-9
The slope of the tangent to the curve at (3, 9) is 9.

y:

. 3x

y_x—4
dy 3(x-4)-3x_ 12
de (x-4) (-4

12
Slope of the tangent is TE

12 =£
(16—4)2 25
x—4=5 or x-4=-5

x=9 or x=-1.

Point 927 d 13
omnts are , — | an =1, = 1.
5 5

Therefore,

x+2)(5)-(5x+2)(1)
()c+2)2
8
(x+2)2

="

f(x)=

2
Since (x+2)" is positive or zero for all x € R,

Lz >0 for x#-2. Therefore, tangents to the

(x+2)

5x+2

graph of f(x)= 0

slope.

do not have a negative
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b.  x’-1
xX>4+x-2
_(x—l)(x+1)
_(x+2)(x—1)
x+1

= , x#1
x+2

dy _ (x+2)—(x+1)
dx (x+2)2
_ 1
()H—Z)2

Curve has horizontal tangents when ? =0.
X
No value of x will give a horizontal slope, therefore,

there are no such tangents.

4t
10. =1000] 1
p(?) 000( t +50)

A(£* +50) - 4t(2t))
(£ +50)°

~1000(200 — 47)

C (P +50)

~1000(196)

NEN)

4oy 1000(184)
p (2) - 542

p(t)= 1000(

= 75.36

p'(1)

= 63.10

Population is growing at a rate of 75.4 bacteria
per hour at # = 1 and at 63. One bacteria per hour

att = 2.

12. a. st)= lot(f:), 0<1<61=0, 5(0)=20

The boat is initially 20 m from the dock.

_ 1ol t3)(=1)-(6-1)(1)

(1+3)

-90
1) =
(++3)°
At t=0, V(O) =-10, the boat is moving towards

the dock at a speed of 10 m/s. When s(¢) =0,

the boat will be at the dock.
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-90 10
V(6) = 92 = _3

The speed of the boat when it bumps into the

10

dock is ? m/s.

13 fly)=2E . 4

Cex+d’ * c
(cx + d)(a) - (ax + b)(c)

f'(X) B (cx+d)2
,(y_ ad—bc
/ (X) - (cx + a’)2

For the tangents to the graph of y=f (X) to have
positive slopes, f'(x)>0. (cx+ d)2 is positive for all

x € R. ad —bc >0 will ensure each tangent has a

positive slope.

Exercise 4.5
4. b If g(x)=5x-1 and f(x)=+x,

then h(x) = f(g(x))
f(5x-1)
V5x—-1.

f(x)

e. h(x)=x"+5x"+6
= (xz + 2)(x2 + 3)
=(x*+2)(x* +2+1)
If g(x)=x"+2 and f(x)=x(x+1),
then /(x) = f(g(x))

= g(x)(g(x) +1)
=(x"+2)(x* +2+1)

h(x) =x* +5x* +6.



f(x)=«/ﬁ and f(g(x))= 2-x’ 9. f(x)=x+4, g(x)=(x—2)2
and f(g(u(x)))=4x" - 8x+8

Fg(0)=2-g(x) =2
g(x)=x’

g(x)= Vx, f(g(x))= (\/;+7)2

. =(u(x)—2)2=
f(x)=(x+7) = (u(x))z —4u(x)+8
g(x)=x-3, f(g(x))=x" Since f(g(u(x))) is quadratic, u(x) must be linear.
S f(x=3)=x"

f(x—3)=[(x—3)+3]2 Let u(x)=ax+b.
. > Now,
~f(x)=(x+3) (ax+b)’ —4(ax+b)+8=4x> —8x+8
Or, sin'ce g(X) is 'linear afld f(g(x)) is quadratic, W=4 a=2. or P
f(x) is a quadratic function. dab—4a=-8, b=0. or —4b+8=_8
Letf(x)zax2+bx+c. b=4.
f(g(x)) = a(x - 3)2 +b(x - 3) +c=x’ u(x) =2x or u(x) =-2x+4
ax® —bax+ga+bx-3b+c=x’
ax’ +x(b—6a)+9a—3b+c=x’ 10. f(x)=1 ! g(x)=1-x
—x
Equating coefficients: 1
a=1 a. g(f(X))=g(1_x)
b-6a=0 b=6 :
9a¢-3b+c=0  c=9, =
S f(x)=x"+6x+9 _1-x-l
2 I-x
f(x)=(x+3) x x
T l-x x-1
f(x)=x", f(g(x)) =x"+8x+16
But f(s(x)) =[s(x)]" b f(g(x)=f(1-x)
1
.'.[g(x)]z=)c2+8x+16=()c+4)2 _1—(1—x)

g(x)=x+4 or g(x)=-x-4
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1. f(g(x) = g(f(x))

3(x’+2x - 3)+5=(3x+5) +2(3x+5) - 3
3x°+6x—9+5=9x"+30x+25+6x+10-3

3x*+6x—-4=9x"+36x+32
6x*+30x+36=0

X’ +5x+6=0
(x+3)(x+2)=0

x=-3or x=-2

frof=f"(2x-17)
:2x—7+7

=2(5-2x)-7
=10-4x-7
=3-4x
3—x
5] 7]_
(fog) 2
Abw:g”ﬁjzs_x
2
x+7
71)( -l el
g xf g( 2 ]
5_)c+7
_ 2
2
_10-x-7
4
_3-x
4
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Exercise 4.6
3

3.t y=9_x2=3(9—x2)"
dy  6bx
v (9-x7)
: y:[lgj,}];(m;f(xz)'

L{HJETX L H

dx | 3x?

w s

_3 1+J; 23x—4x12—4x
We' )| eaie

. e ) | —x—avx
We )| eut

H{1evx) w(4ex) (1) (4w

2
X

x? 6x°

2x°6

L[l—&ﬂxﬂ&]:_(”&)2(‘”&)

2x°

x| | 2x%6Vx



4.

ey

dy _2(x-2)'(2x-1)(2)-3(2x - 1)’ (x-2)°

dx (x—2)6
_(x-2) (20 - 1)[4(x - 2) - 3(2x - 1)]

(x-2)
__(x—2)2(2x—1)(2x+5)
(-2)
K.
s=(4-3)"(1-21)

% =4(4-3) (<9¢*)(1-20)" + 6(4 - 3¢°) " (1-21) " (-2)
=12(4-36) (1-2¢) [-3r2(1-21) — (4 = 3¢%)]
=12(4-3) (1-21)’(9¢* = 31> + 4)
=12(4-37°) (1-2¢)°(9r* = 31> - 4)

L h(x)= 11:;‘2

L) 22— i-2 ()
H(x)= 2
(1—x>\
| x(l-x)  1-x 1
—(\/l—x2 -'-x/l—x2 J(l—x)z
_ 1-x _ 1
\/l—xz(l—x)2 (l—x)\/l—x2
y:(1+x3)2 y=2x°
%—2(1”3)(3#) %:12)&

For the same slope,
6x°(1+x") =124’
6x*+6x’=12x°
6x’—6x’=0
6)cz(x3 —1)=O
x=0 or x=1.

Curves have the same slope at x=0 and x=1.

% =5(x* -7) (3x%)
%} - 5(1)"(12)

=60
Slope of the tangent is 60.
Equation of the tangent at (2, 1) is
y—1=60(x-2)
60x—-y-119=0.

9. a. y=3u’-5u+2
u=x"-1, x=2

u=3

ﬂ=6u—5, ﬂ=2)c

du dx
dy _dy du
dx du dx
= (6u —5)(2x)
= (1 8 — 5)(4)
= 13(4)
=52

d. y=u(’+3), u=(x+3)’, x=-2
D +3) +6ut(ut +3) %=2(x+3)

du
Ay Dy 6y 2(n)]
=160x2

dx du dx
=320

10. y=f(x2+3x—5), x=1, f(-1)=2

dy _
E=f(x2+3x—5)><(2x+3)
=f(1+3-5)x5
=2x5
dy _
=

10
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2

1y =g{a). hx)=—

% = ¢/(h(x)) x(v)

When x=3, h(3)= % and g’(%) =-2.

x+2)(2x) - x*(1
- 2220 -0)
(x+2)
2
h'( ):x +4)2c
(x+2)
w(s)= 2122
25 25
Atx=3, P _ 52
dx 25
__ A
25°

12. h(x) =f(g(x)) , therefore R'(x) =f’(g(x))xg'(x)

flu)=u’-1, g(2)=3, g'(2)=-1

Now, 1'(2) = f"(g(2))x g'(2)
= f’(3) X g'(2).

Since f(u)=u’-1, f(u)=2u,and f(3)=6,

14. y=(x2+x—2)z+3

d
d—}yc =2(x* +x-2)(2x+1)

At the point (1, 3], x =1 and the slope of the tangent will

be 2(1+1-2)(2+1)=0.
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Equation of the tangent at (1, 3) is y—3=0.
Solving this equation with the function, we have

(x*+x-2) +3=3
(x+ 2)2(x - 1)2 =0
x=-2 or x=1
Since -2 and 1 are both double roots, the line with

equation y —3=0 will be a tangent at both x=1
and x=-2. Therefore, y—3=0 is also a tangent at

2 3
15. yzx (l—xB)
(1+x)
=)
=x
1+x
%Y _ 1 —(1-x)(1
?=2x1 x +3x2(1 xJL_( +x)—( 2x)()
X 1+x I+x (1+x)
3
=2x I-x +3x2(1_—x]2— 2 -
1+x 1+x (1+x)
— o 1-x l-x  3x
1+x )| 1+x (1+x)2
o4 l—x )} 1-x>=3x
1+x (1+)c)2
ZJc(x2 +3x— 1)(1 - x)2
- (1+x)’
16. If y=u" prove %znu”"%.
Forn=1,y=uand ﬂ=1u“ﬂ=ﬂ,whi0his
dx dy dx

true.

Assume the statement is true for n = k, i.e., y=u",

then ﬂ=u“ﬂ.
dx dx
For n=k+1 show, d—y=(k+l)ukﬂ.
dx dx
Now, y=u"" =uxu".



dy du —xu* +u><ku“@
dx  dx dx
=%xu"+kxu"x%
X
=%><uk><(k+l)
Ix
=(k+1)ukﬂ

Therefore, if the statement is true for n = k, it will
be true for n = k + 1. Since it is true for n = 1, it will
be true for n = 2, therefore true for all ne N.

17. f(x)=ax+b, g(x)=cx+d
f(g(x))zf(cx+d)
=a(cx+d)+b
=acx+ad+b
g(f(x)) =g(ax+Db)
=c(ax+b)+d
=acx+bc+d

Now, f(g(x)) = 8(f(x))'

s.acx+ad+b=ccx+bc+d
ad —-d=bc-b
d(a-1)=b(c-1)

1t f(g(x))=g(f(x)), then d(a-

I)=b(c-1).

Review Exercise

4 £ y=(x-1)3(x+1)

y'=%(x2 —9) lz(2x)
) x*=9
_(x-9)
5. e y—W
,_(x41) x4(2x-5) - 3(2x =)' (x +1)’
(x+1)6
C(x 1) (2x—5) [4x+4 - 6x+15]
B (x+1)°
, (2x-9)"(19-2x)

T )

- 3( o1 ){( - 1)((2;)+—3;(x2 - 1)]

C12a(x 1)

(xz +1)4

(mx) { (6+2x)(-22)~ (1-2°)(2)

(64—2)c)2
_3(1- ) (~12x—4x* -2 +2x%)
(6+2x)

3(1-x) (257 +12x+2)
6+2x)

8(3-

)
(

( xz)z(xz +6x + 1)
(

x)
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a. g(x) = f(xz) 9. y=-x"+6x

g'(x)zf’(xz)x2x y=-3x"+12x
BxP+12x=-12 -3x*+12x=-15
2 _ 2 _5_
b. h(x)=2x(x) x —4x-4=0 x —4x-5=0
H(x) =2 (x)+2xf"(x) MELEA 1L ”126+32 (x=5)(x+1)=0
=4i4\/§ x=5 x=-1
7. b _u+éd Vx +x 2
Y=o U= x=2+23
x=4
_3 2
M—g 10. a.i) y:(_xz__x)
y=2(x*-x)(3x> -1
dy (u—-4)—(u+4) du 11 L ( )( )
E=W E=E Ex +1 Horizontal tangent,
o du} | (5) 2x(x* = 1)(3x* 1) =0
(=4 del, 1014 x=0, x==I, NIVEER
1 3
"8
dy] o 1. b y=(3x>-2x")at (11)
du y%_ (3_20] y’=5(3x’2—2x3)4(—6x’3—6x2)
5( > A+x=1
8(25 ’ 4
= (_17))2 ¥ =5(1) (-6-6)
=60
dy:| _8(25 1 Equation of the tangent at (1, 1) is
dx|._, 177 8 y—1 =—60(x—1)
:22?59 60x+ y—61=0.
12. =3x"-Tx+5
¢ y=f(x'+9). f(5)=-2 x=4 ;y o
& pee) e ) @™
dx_f X +9) x > X+ by |
Slope of x+5y-10=0is ——.
B_ gl ;
__Zoi
5
__8
B
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Since perpendicular, 6x—-7=5
x=2
y=3(4)-14+5
=3.
Equation of the tangent at (2, 3) is
y-3=5(x-2)
Sx-y-T7=0.

13. y=8x+b istangentto y=2x"

ﬂ=4x
dx

Slope of the tangent is 8, therefore 4x=8, x=2.

Point of tangency is (2, 8).
Therefore, 8 =16+b, b =-8.

Or S8x+b=2x"
2x*-8x-b=0
_ 8+v64 +8b
X = —2(2) .
For tangents, the roots are equal, therefore
64+8b=0, b=-8.

Point of tangency is (2, 8), b=-8.

5 2
15. a.  f(x)=2x°-5x°
1

5 2 9 1
()= 2x2x  —5x=x
f(x) sz ><3x

10 2 10
R
3x3

f(x)=0 .'.x§[2x—5]=0

x=0 or )c:é
2

y = f(x) crosses the x-axis at x = g , and

b. To find a, let f(x)=0.
10 2 1
0 10
3 1

3x°?

30x =30

x=1
Therefore a =1.

18. C(x) =%x3 +40x+ 700
a. C'(x)=x"+40
b. C’'(x)=176
L xP+40=176
x> =36

x=6

Production level is 6 gloves/week.

2
19. R(x)=750x —%—%f

a. Marginal Revenue

R(x)= 750-%- 2%

b. R(10)=750- ? ~2(100)

=$546.67
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20. D(p)= , p>1 |
p-1 4. a. y=§x3—3x’5+4ﬂ:
, 1 3
D(p):ZO(_E)(p_l) ’ ﬂzxz+15x“6
dx
10
- 3
p-1)°
(=1 b.  y=6(2x-9)’
D(s) === &
a8 = =30(2x-9)"(2
i D s002x-9)'(2)
5 4
=_= =060(2x-9
: (21-9)
5
Slope of demand curve at (5, 10) is —— . ¢ _2  x Uy
.y = + +6Vx
! VA3
B !
Chapter 4 Test =2x +—3x+6x3
2. fis the graph on the right and below the x-axis (it’s a d_y — _x-’% + 1 + Zx%
cubric). f” is the other graph (it is quadratic). dx «5
5
. f(x+h)=f(x) [ x*+6
3. f(x)=lim A r=3a
2 4
:limx+h—(x+h) _(x_xz) dy _ X1 +6 2x(3x+4)—(x2+6)3
h=0 h dx 3x+4 (3x+4)2
)c+h—(xz+2hx+hz)—x+)c2 .
=lim 5(x* +6) (3x* +8x-18)
h—0 h — -
. h-2hx—h’ (3x+4)
=lim——
h—0 h
. h(1-2x-h)
=lim h e. y=x*V6x>-7
=lim(1-2x - h) dy 1 1 2
0 = =2x(6x* = 7)" +x* —(6x" = 7) *(12x)
=1-2x dx 3

Therefore, i(x - xz) =1-2x.
dx
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4x° - 5x" +6x-2 7. y=(3x'2—2x3)5

f. y = 2
8y dy E 3\ 4 3 2
) =4x-5+6x" - 2x" E=5(3x-—2x~) (-6x7 - 6x7)
Yy _ -
=418 48y At (1, 1),
_4x’—18x+8 Q:S(I)A(—6—6)
X’ dx
=-60.
Equation of tangent line at (1, 1) is
y:(x2+3x—2)(7—3x) y—1=_60
dy , x-1
E=(2x+3)(7—3x)+(x +3x—2)(—3) y—1:—60x+60
At (1,8), 60x+y—61=0.
L= (5)4)+ () oy
X 8. P@) =(t4 +3)
=14.
1 2 3
The slope of the tangent to y = (x”+3x - 2)(7 - 3x) P'(t)= S(t“ + 3) (it_“)
at (1,8) is 14. LN s
P’(16) :3(164 +3) (Zx 164)
y=3u"+2u :3(2_{_3)2(%)(%)
L =6u+2
du _75
: 32
u=vx+5
a1 . The amount of pollution is increasing at a rate of
—u=—(x2+5)72x 75
dy 2 £ p.p-m./year.

At x=-2,u=3.
dy 2
202
dx ( )( 3]
__ 4
3
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9. y:x4

ﬂ=4)c3
dx
—i:4x3
16
N 1 line h 1 f 16. Theref ﬂ_—i
ormal line has a slope of 16. Therefore, - ~=~=.
¥ =t
64
1
x=-——
4
__ L
Y7256

Therefore, y=x* has a normal line with a slope of
T\ T4 2s6)

10, y=x"—x"—x+1

ﬂ=3xz—2x—1
dx

For a horizontal tangent line, Z—y =0.
bY

3x*=2x-1=0
(3x+1)(x-1)=0

y=1-1-1+1

1 11
= — 4 —
27 9 3
_—1-3+9+27
27
32

T27

. . 1 32
The required points are (—g, EJ’ (1, 0)-
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—=2x+a
dx

y=x'
ﬂ—B’xz
dx

Since the parabola and cubic function are tangent at
(1, 1), then 2x+a=3x".

At(1, 1) 2(1)+a=3(1)°

a=1.
Since (1,1) is on the graph of y=x"+x+b,
1=1+1+b
b=-1.
The required values are 1 and —1 for a and b
respectively.



